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A VACCA, A SABATINI and M A GRISTINA

Laboratorio CNR Istituro di Chumnica Generale dell Unnersita di MNirenze
TiwiaJ Nardi 39, 50132 I lorence (ltaly )

For the investigation of systems containing several complex species at equilibrium, a
knowledge of the stoichiometry of the complexes and of their degree of formation is
important It 1s necessary to determine the type of species exusting and to calculate their
stability constants These two problems are closely interconnected Only in rare examples
of simple equilibria 1s 1t possible to characterize the existence of different complexes,
using experumental data which are not dependent on the stability constants On the other
hand, a chemical model (number and type of species which can be formed in the equilib-
rium mxture) 1s always needed for the calculation of the stability constants

The method commonly employed is to assume arbitranly that the chemical model 1s
known. This assumption 1s generally supported by the fact that the species taken into
consideration have sometimes been 1solated as sohid phases Alternatively, analogy with
apparently similar systems may be made. On the basis of this hypothesis, it is possible to
calculate the formation constants using one of the computer methods, which are by now
widely applied Apart from some complications which may arise during the calculation
(non-convergence, negative values for some constants, etc ), one obtains, after some cycles,
the stability constants of the assumed species and their standard deviations At this point
a statement 1s generally made about the agreement between experimental and calculated
data The fit may be poor, satisfactory or good These statements, however, are often
unfounded, since a sufficiently rigorous statistical basis 1s missing Should the agreement
be considered unsatisfactory, new species are wntroduced 1n the calculation, n order to
obtan a better fit with the experimental data. If a better agreement 1s found, the new
species are retained in subsequent calculation However, in this case also, sound statistical
arguments should show that the new hypothess 1s significantly better than the preceding one

The present communication deals with a new procedure for mvestigating complex
formation equiibria and with the application of some statistical tests which are useful in
the choice of the most probable chemical model for the system under consideration
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A CALCULATION OI' THE STABILITY CONSTANTS

The apphication of electronic computers to the deterimination of stability constants has
been recently reviewed ! The most commonly used procedures employ one of two mathe-
matical approaches, 1 e the Gauss—Newton least squares method? or the pit-mapping
method® In both cases, an observable variable quantity v, which 1s a function of the
equilibrium constants f§,

y=18) 1y
1s chosen, and the sum of the squares of the weighted residuals

U=2 (ypb — ypaley?, )

k

1s minmmuzed with respect to f,, as adjustable parameters In eqn (2), y,‘}bs represents the
result of the Xth measurement of the quantity y, ¥$3€ the corresponding value calculated
according to eqn (1) and wy the weight associated with the kth measurement

We have recently developed a new method for least squares refinement of stability
constants, which has been applied successfully to one metal —one ligand systems in
aqueous solution, using pH-titration data This method allows the simultaneous determina-
tion of the formation constants of all complexes present 1n solution, such as simple,
hydroxy and protonated species, both mono- and polynuclear

Each point on a titration curve represents an equilibrium state among NV different
species of general formula H,M, L, (for details on the symbolism, see ref 4) The concen-
tration of each species H,M, L, n the Ath point 1s given by

[H,M, L, J; =B, [H1? [MIZ [LI

where 8,4, 1s the formation constant of the species under consideration, and [H];. [M];
and [L]; are the concentrations of the hydrogen 10on, of the free metal and of the free
Irigand, respectively

The mass balance equations for the kth point are

N ’

T}( 1= {H]L + :21 P qur [H][{, [M];\] [L]]’\- (3)
N

Tp2= [M] + i q Bpgr [H1Y [M]7 [L1L 4)
N

Tk.,3 = [L]k+ Zl I'B,)qr [H]/I\T’ [M]/? [L];‘: (5)
1=

where Ty . Ty 5 and Ty, 5 are the aralytical concentrations of hydrogen 1on, metal 1on and
ligand. respectively These equations are non-linear 1n the unknowns [M]y, [L]z and B,
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The value of [H]; 1s obtained from the potentiometric measurement

The number of equations, 1n a set of # points. is 3n, and the number of unknowns 1s
2n + m, where m1 1s the number of formation constants to be determined. The degree of
freedom of the system s thenn — m

In the present method, the error square sum

3

= (75— T
=1

N
U= x 2

A=1y

1s numimized with respect to the parameters [M];, [L]; and B,,qr by the Newton—Raphson
least squares method > The residuals of the mass balance equations, estimated by consider-
ing random ervors in the apalytical concentrations of the reactants, are all of the same
order and are far greater than those from experimental potentiometric data For this
reason, the use of equal weights 1s satisfactory The corrections of the unknown param-
eters, obtamned from a least squares cycle, are multiplied by a factor such that the decrease
of U 1s maximum for that cycle ¢ The iterative procedure 1s continued, using the new ap-
proximation of the parameters, until all the shifts are less than a pre-established fraction

of the vaiues of the parameters to be refined

The present method differs from those previously described * 3 because

(1) the concentrations of free metal 1on and free ligand for each point are considered as
independent variables, at the same level as the stability constants In the other refinements
only the stability constants are treated as adyustable parameters, while [M}; and [L]; are
calculated by simultaneous solution of mass balance equations (4) and (5),

(1) the Newton —Raphson least squarcs method 1s employed, and 1t has been tound
more efficient than the conventional Gauss —Newton method When a situation of non-
convergence occurs (for example. due to poor estimation of the starting values of qu,),
the refinement procedure continues, for a pre-established number of cycies, using the
steepest descent method 7, and

(11) the calculated shifts of the parameters are optimized a sumilar procedure has
recently been applied successfully to the calculation of vibrational force constants &

We have obtamed satisfactory results for all the systems invesngated so far with a hugh
rate of convergence, even 1if the starting values were cstimated 1oughly Furthermore.
using this method, the calculated residuals follow a nearly normal distnbution with a
mean value close to zero This allows us to make statistical decisions about the goodness of
the fit and to check whether the chemical model adopted for the calculation of constants
1s a good representation of the data

B TLSTS OF SIGNITICANCL

As a measure of the agreement between experimental and calculated data and by the
analogy with crystallographic calculations, we can take the well known R factor
defined as
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where f,°bb are the expenimental quantities 77 y, 7z 5 and T}, 3 (defined 1n the preceding
section), flcal“' the corresponding values calculated according to eqns (3)—(5), and w, the
welghts assigned to each mass balance equation We can define another quantity
I 3n
2 612 W,
Por=l

Rhm = ,'31“
I, E (f;obs)z ‘VI
{1=1
where €, 1s the residual 1n the 1th equation calculated from pessimistic estimates of the
errors 11 all the experimental quantities and using the usual rules for propagation of error
This quantity can be regarded as a significance linut for the function R and, as a conse-

quence, if

R<R;n

we shall be willing to accept the hypothesis that the fit of the data 1s satisfactory If. on
the contrary, the computed value of the R factor, after the refinement of the stability
constants, exceeds Ry, the agreement shall be considered not satisfactory and other
hypotheses about the chemical model should be tried

For different hypotheses concerning the number and the type of the species formed
m the complex chemical equilibrnium, different values of R will be obtained. Using these
values. the R factor ratio test ° (otherwise called the Hamilton test) can be performed
Let us assume that the mimimum value of the R factor, R, has been reached for the
hypothesis Hy An alternative hypothesis, H,, which led to a value of R factor R,, can be
rejected at the a significance level, if

R,

Ry~ Rpn-pa
where p 1s the number of unknown parameters refined and # —p 1s the number of degrees
of freedom of the least squares adjustment A table of significant values of R for different
values of p, n—p and « has been reported n ref 9 If n— p s large, this quantity may also
be calculated according to

X3 o

R _ =
pR—po n—p
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C RILSULTS

The following examples will help to illustrate the practical application of the procedure
described above

(1) Copper (1} + Mesterren

Metetren is a pentadentate ligand, of formula

CHj CH; CH;
H3C\ , ! | ,CH3
>N—CH, —CH; ~N—CH; —CH; —N—CH, —CH, —~N—CH, —CH, - N_
H;C CH,;

which forms a number of complexes with the copper(Il) ion Thus system was the subject
of a previous mnvestigation !9 and the chemical model adopted on that occasion 1s shown
i the schemati¢ reaction diagram

Cu(H,Me,tetren)** = Cu(HMe,tetren)*>* = Cu(Me,tetren)** - Cu(OH)(Metetren)

The values of the logarithms of the formation constants obtained using this chemical
model (hypothesis Hy ) are reported in Table | The R factor 1s well below the value of
Ry, and so we can be confident that the postulated model 1s a good representation of the
expernmental data Other trials have been performed (hypotheses H,, H, and Hj3). assum-
1ng that one or two of the postulated complexes would not be present The values of R
which we have obtamned are all higher than both Ry and Ry,;, Furthermore. in the most
favorable case, the ratio R3/R, {about 12)1s greater than the Hamulton test value at the

0 05 significance level, Rz14,101 005 = 1 862 At this level 1t 1s reasonable to reject all the
alternative hypotheses and to conclude that the chenical model assumed 1s most probably
the best solution of the complex formation equilibrium These results can be shown more
cleariy in Fig 1, where the corresponding R factor diagram has been reported Hg 1s con-
sidered to be the unique solution of our system

(11) Copper(ll) + NNN'N'-tetramethiylethylenediamine

The complex formation equilibrium 1n aqueous solution between . 1e copper(Il)1on
and NNN'N'-tetramethylethylenediarmine (Megen) has recently been investigated '!
Several hypotheses about the chemical model for this system have been put forward,
considenng the possible formation of numerous complex species The best fit of experi-
metal data was obtamed assuming that the following six complexes were present in the
equilibrium mixture, viz Cu(Mesen)** Cu(OH)(Mesen)* Cu,(OH),(Mesen)s”,
Cu,(OH),(Megen)?*, Cuz(OH)s(Megen)3* and Cu(OH),(Mesen)

The value of the R factor calculated for such a hypothesis (Ro = 0 00141)1s well below
the estimated value of R},,,,, 0 00350 Asshown in Fig. 2. five other tnals on different
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chemical models led to R factors lower than Ry, Furthermore, the value of the
Hamulton ratio for this system, R30s,145,0 05 1s equal to 1 848 and, using the Hamilton
test. none of the five alternative hypotheses may be rejected From the mathematical
point of view, Hy 1s the best solution, from the statistical point of view, there is no signi-
ficant difference among all these hypotheses As a consequence, the choice of the chemu-
cal model for this system is a matter of personal judgment.
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D CONCLUSION

The values of the Hamulton test calculated for this type of system range between 1 8
and 2 Q0 These are rather high values, because, on this basis, hypotheses are to be rejected
only if the corresponding R factors are at least twice Ry, and, as a consequence, non-unigue
solutions may often occur Thus is due to the fact that the number of degrees of freedom
of the system is much 1ower than the number of parameters. The least squares adjustment
1s not so overdeternuned as would sometimes be necessary. The availabihity of other types
of additional experimental information, such as measured values of the concentration of
the free metal 10n and/or the free ligand. would surely be of help in these particular
situations
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